Post-Bayesian
Machine Learning

Jeremias Knoblauch; Lecturer & EPSRC Fellow @ UCL Stats

25/07/24



Preamble: Bayesian ML

Bayes’ Theorem: Inversion of conditionals

P(5 | 24) - P(A) A

P(A | B) = P(B) AUB




Preamble: Bayesian ML

Bayes’ Theorem: Inversion of conditionals

P(B | 2)- P(") A
P(B) AUB

P(A | B) =

Data model: p(x,., | 6)

X, € X" Prior probability: z(6)

0e®

pxi., | 0) - m(0)
| p(x1., | 0) - 2(0)dO

ﬂn(g ‘ xl:n) —

(Bayes) Posterior



Preamble: Bayesian ML

Bayes’ Theorem: Inversion of conditionals

P(B - P A
b1y < PELD PO

P(B) AUB .

Data model: p(x,., | 6)

X, € " Prior probability: z(6)

0e®

pxi., | 0) - m(0)
| p(x1., | 0) - 2(0)dO

ﬂn(g ‘ xl:n) —

@ Averages models (instead of picking only one)

@ Quantifies uncertainty about 8 via z,(0 | x,.,)

(Bayes) Posterior
@ Inclusion of domain expertise via prior «



Preamble: Bayesian ML
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Post-Bayesian ML and Today’s Talk
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Today’s Talk in a Nutshell

Pitch for ML via Bayes’ Rule:
(¥ Uncertainty Quantification

(® Inclusion of Prior Knowledge

Fix: Post-Bayesian ML
Algorithms with ‘Bayesian characteristics’ that

are not using Bayes’ Rule (® Model averaging

Problem:
(& ML violates underlying assumptions

—> Unreliable & not robust




Foundations of Bayesian ML

,{\c,a\ Reviewer 2: “The Bayes posterior is principled, and grounded in
,‘X\eﬁ\a{\o(\e foundational work of DeFinetti, Savage, Birnbaum, and others. This
N\\?O\“\da work gives up these guarantees [...] without clear gain in return.”
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Ramifications

On the Brittleness of Bayesian Inference
(Ohwadi et al., 2015)
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Plain English: Bayesian ML is often unreliable!
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space of priors

POSt' Bayesian ML l space of hypfrparameters
Belief updates = {95’ - PO) X L XH — F(O)

Grinwald (2011); COLT T ?

Miller & Dunson (2015); JRSS-B
Bhattacharya, Pati, & Yang (2019); Annals of Statistics Space Of posteriors

Adlam et al. (2020); preprint
Wenzel et al. (2020); ICML data space

Aitchison (2021); ICLR

I.\./I.CLatChie, Fong, Frazier, & Knoblauch. (2024); forthcoming [Generally credited to Grunwald (2011)]
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@ G VY,
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Post-Bayesian

p(xlzn ‘ 9) _)p(xlzn ‘ 9) , 4> 0

p(x,., | ) — exp{—L(x,.,,0)}, loss L
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(AZ) prior well-specified
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ML
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[Generally credited to Bissiri, Holmes & Walker (2016)]
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Langford & Shawe-Taylor (2002); NeurlPS
Seeger (2002); ICML
Bissiri et al. (2016); JRSS-B
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Knoblauch & Damoulas. (2018); ICML

Knoblauch, Jewson, & Damoulas et al. (2018); NeurlPS
Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B .
Matsubara, Knoblauch, Briol, & Oates (2023); JASA :
Altamirano, Briol, & Knoblauch (2023); ICML I
Altamirano, Briol, & Knoblauch (2024); ICML spotlight ]
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Post-Bayesian ML: Recent Success Stories
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Post-Bayesian ML: Recent Success Stories
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Target function Prediction
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(Target-prediction)?

Based on work of Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)
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Post-Bayesian ML Research
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(A1) model well-specified

Post-Bayesian ML Research

(A3) computationally feasible

<:> Foundations

Jt,g )((9 | xl:n) model misspecification Knoblauch & Damoulas (2018); ICML
Knoblauch, Jewson, & Damoulas (2018); NeurlPS
( A3) Frazier*, Knoblauch*, & Drovandi (2024); preprint
M McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming

7[1!1_(6) ‘ xl:n)
@ State of the Art

77:1'1_(9 ‘ xl:n)



(A1) model well-specified

Post-Bayesian ML Research

(A3) computationally feasible

<:> Foundations

]z'( )(H | Xq. ) model misspecification Knoblauch & Damoulas (2018); ICML

n N Knoblauch, Jewson, & Damoulas (2018); NeurlPS

( A3) Frazier*, Knoblauch*, & Drovandi (2024); preprint

| M McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming
o (6) ‘ xl:n)
Schmon, Cannon, & Knoblauch (2020); AABI
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Post-Bayesian ML Research

<:> Foundations

70 | x,.,) model misspecification

(A3)
><

State of the Art model misspecification +
computation

77:1'1_(9 ‘ xl:n) M M

model misspecification +
prior misspecification +

computation

(A3) computationally feasible

Knoblauch & Damoulas (2018); ICML

Knoblauch, Jewson, & Damoulas (2018); NeurlPS

Frazier*, Knoblauch*, & Drovandi (2024); preprint
McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming

Schmon, Cannon, & Knoblauch (2020); AABI

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B

Dellaporta, Knoblauch, Damoulas, & Briol (2022); AISTATS (best paper award)
Altamirano, Briol, & Knoblauch (2023); ICML

Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)

Duran-Martin, Altamirano, Shestopaloff, Sanchez-Betancourt, Knoblauch,

Briol, & Murphy (2024); ICML

Husain & Knoblauch (2022); ALT

Knoblauch, Jewson, & Damoulas (2022); JMLR

Matsubara, Knoblauch, Briol, & Oates (2023); JASA

Wild, Sejdinovic, & Knoblauch (2024); forthcoming

Wild, Ghalebikesabi, Sejdinovic, & Knoblauch (2024); NeurlPS (oral)
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Foundations of Post-Bayesian ML Research

<:> Foundations

Jt,g )((9 | xl:n) model misspecification Knoblauch & Damoulas (2018); ICML
Knoblauch, Jewson, & Damoulas (2018); NeurlPS
( A3) Frazier*, Knoblauch*, & Drovandi (2024); preprint
M McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming

71',!;((9 ‘ xl:n)

Q1: Can tuning / improve robustness?
Q2: What L leads to robust posteriors z-?

Q3: How should we design/choose L?

(A1) model well-specified
prior well-specified

(A3) computationally feasible
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Foundations of Post-Bayesian ML Research

<:> Foundations

71',2 )(9 | xl:n) model misspecification Knoblauch & Damoulas (2018); ICML

Knoblauch, Jewson, & Damoulas (2018); NeurlPS
L E I
Ty (6’ ‘ xl:n)

( A3) Frazier®, Knoblauch*, & Drovandi (2024); preprint
Q1: Can tuning / improve robustness?

McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming

(A1) model well-specified
prior well-specified

(A3) computationally feasible
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Post-Bayesian ML

Power/Fractional/
Cold Posterior M, (A2), (A3)

p(xlzn ‘ 9) _)p(xlzn ‘ 9) , 4> 0

p(xy., | 0)" - n(0)

Do ) =
@ O ) = ) 0o

(A1) model well-specified

(AZ) prior well-specified p :
OS :
(A3) computationally feasible Sible belief Updates
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Q1: Can tuning , improve Robustness?

(classical statistics) (core ML)
Grinwald (2012); ALT Frequent claim: / can Wenzel et al. (2020); ICML
Holmes & Walker (2017); Biometrika — , L Adlam et al. (2020); preprint
Miller & Dunson (2018): JRSS-B deliver robust predictions Noci et al. (2021); NeurlPS

Bhattacharya, Pati, & Yang (2019); Ann. Statist. Aitchison (2021); ICLR
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Q1: Can tuning , improve Robustness?

(classical statistics) (core ML)

Grunwald (2012); ALT Freq uent Claim: can Wenzel et al. (2020); ICML

Holmes & Walker (2017); Biometrika — , L Adlam et al. (2020); preprint
Miller & Dunson (2018); JRSS-B deliver robust predictions Noci et al. (2021); NeurlPS

Bhattacharya, Pati, & Yang (2019); Ann. Statist. Aitchison (2021); ICLR

How Good is the Bayes Posterior in Deep Neural Networks Really?

Florian Wenzel *! Kevin Roth “*2 Bastiaan S. Veeling“*>' Jakub Swiatkowski** Linh Tran’*
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Q1: Can tuning , improve Robustness?

(classical statistics)

Grinwald (2012); ALT Frequent claim: / can Wenzel et al. (2020); ICML
Holmes & Walker (2017); Biometrika —_— — Adlam et al. (2020); preprint

Miller & Dunson (2018); JRSS-B deliver robust predictions Noci et al. (2021); NeurlPS

Bhattacharya, Pati, & Yang (2019); Ann. Statist. Aitchison (2021); ICLR
Unclear: Why should this be true?

(core ML)

Only regulates trade-off

p(xlzn ‘ ‘9) ) 7[(6)

Do ) =
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Q1: Can tuning , improve Robustness?

Question: What is the predictively optimal /2
Posterior predictive = p,(z) = [p(z | 0) 190 | x,.,) dO

Predictively optimal /: = argmin >0 D1y (61, Pn)

Data-generating /

density: x,., ~ g(x;.,)

McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming
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Q1: Can tuning , improve Robustness?

Question: What is the predictively optimal /2

Posterior predictive = p,(z) = [p(z | 0) 190 | x,.,) dO

Curves in expectation

Predictively optimal /: = argmin >0 D1y (61, Pn)

Data-generating /

density: x,., ~ g(x;.,)

DTV (qapn>

0.010.1 1 10 100

0 « — 0
— #
McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming
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Q1: Can tuning , improve Robustness?

Question: What is the predictively optimal /2

Posterior predictive
Posterior predictive = p,(2) = [p(z | 0) 4@ | x,.,) dO P

Predictively optimal /: = argmin >0 D1y (Qa Pn)

Data-generating /

density: x,., ~ g(x;.,)

DTV (qapn>
~ Plug-in predictive

0.010.1 1 10 100

0 « — 00
—

Prior predictive

McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming
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Q1: Can tuning , improve Robustness?

Question: What is the predictively optimal /2

Posterior predictive
Posterior predictive = p,(2) = [p(z | 0) 4@ | x,.,) dO P

Predictively optimal /: = argmin >0 D1y (Qa Pn)

Data-generating /

density: x;., ~ g(xy.,) Flat region: all

equally good for
prediction

~ Plug-in predictive

0.010.1 1 10 100

0 « — 00
—

Prior predictive

McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming
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Q1: Can tuning , improve Robustness?

Question: What is the predictively optimal /2

Posterior predictive
Posterior predictive = p,(2) = [p(z | 0) 4@ | x,.,) dO P

Predictively optimal /: = argmin >0 D1y (61, Pn)

Data-generating /

density: x,., ~ g(x;.,)

Theorem: these curves will
always look that way.

Prior predictive

Flat region: all
equally good for
prediction

DTV (qapn>
~ Plug-in predictive

0.010.1 1 10 100

0 « — 0
— #
McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming
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Q1: Can tuning , improve Robustness?

Findings: (1) lll-defined problem: minimiser /" doesn’t exist
(2) Flat region: infinitely . yield (nearly) same predictive
(3) Predictively no advantage over MLE / point estimators

McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming
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Findings: (1) lll-defined problem: minimiser /" doesn’t exist
(2) Flat region: infinitely . yield (nearly) same predictive
(3) Predictively no advantage over MLE / point estimators

Conclusion: Normally, , barely has an effect on robustness of predictions.

McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming
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Q1: Can tuning , improve Robustness?

Findings: (1) lll-defined problem: minimiser /" doesn’t exist
(2) Flat region: infinitely . yield (nearly) same predictive
(3) Predictively no advantage over MLE / point estimators

Conclusion: Normally, , barely has an effect on robustness of predictions.

Reason: As n grows, you almost predict from the plug-in predictive: p, = p,

McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming
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Q1: Can tuning , improve Robustness?

Findings: (1) lll-defined problem: minimiser /" doesn’t exist
(2) Flat region: infinitely . yield (nearly) same predictive
(3) Predictively no advantage over MLE / point estimators

Conclusion: Normally, , barely has an effect on robustness of predictions.
Reason: As n grows, you almost predict from the plug-in predictive: p,” =~ p,

Cold Posterior Effect: not only deep learning; more general phenomenon

McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming
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Q1: Can tuning , improve Robustness?

Findings: (1) lll-defined problem: minimiser /.~ doesn’t exist
(2) Flat region: infinitely / yield (nearly) same predictive

(3) Predictively no advantage over MLE / point estimators

Conclusion: Normally, , barely has an effect on robustness of predictions.
Reason: As n grows, you almost predict from the plug-in predictive: p,” =~ p,

Cold Posterior Effect: not only deep learning; more general phenomenon

McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming
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Foundations of Post-Bayesian ML Research

<:> Foundations

71',2 )(6 | xl:n) mOdel misspecification Knoblauch & Damoulas (2018); ICML

Knoblauch, Jewson, & Damoulas (2018); NeurlPS
pSd A2)
] (
Yo (6’ ‘ A1 :n)

( A3) Frazier*, Knoblauch*, & Drovandi (2024); preprint
McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming

Q2: What L leads to robust posteriors 7 ?

(A1) model well-specified
(A2) prior well-specified

(A3) computationally feasible
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POSt- BayeSian M L Gibbs/Generalised/ M, (A2), (A3)

Pseudo Posterior

expi—L(x;.,,0)} - n(0)
I@Xp{ — l—(xlzn’ 9)} ) ﬂ(@)d@

ﬂrlz_(e ‘ xl:n) —

p(x,., | ) — exp{—L(x,.,,0)}, loss L

(A1) model well-specified

(AZ) prior well-specified p :
OS :
(A3) computationally feasible Sible belief Updates
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Q2: What L leads to robust posteriors?

expi—L(x;.,,0)} - 7(0)

7 (0] x1.) =

[exp{—L(x1,,0)} - 2(6)dO

Setting: for some small ¢ > 0,

Data-generating € -contamination
probability distribution distribution
N\ «

g, =1 —-¢€)-q, + €-c

(A1) model well-specified
(AZ) prior well-specified

(A3) computationally feasible




3, (A2), (A3)
Q2: What L leads to robust posteriors?

Setting: for some small ¢ > 0,

Data-generating € -contamination
probability distribution distribution
N\ «
g =0 —-€)-q,+ €-c

xl:n
What we want: {

ny/
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Q2: What L leads to robust posteriors?
Standard Bayes US Stock
Volatility, 2004

20 ] 31,) = S O} 7O

I@Xp{ — l—(xlzifv 9)} ) ﬂ(@)d@

Setting: for some small ¢ > 0,

Data-generating € -contamination —merl AN AR RR R N
probability distribution distribution
N\ « _
qde={—€-q +€-c US Stock
N Volatility, 2007

contamination
What we want:
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Q2: What L leads to robust posteriors?
Standard Bayes US Stock
Volatility, 2004

20 ] 31,) = S O} 7O

I@Xp{ — l—(xlzifv 9)} ) ﬂ(@)d@

Setting: for some small ¢ > 0,

Data-generating € -contamination —merl AN AR RR R N
probability distribution distribution
N\ « _
qde={—€-q +€-c US Stock
N Volatility, 2007

' \ contamination
Standard Bayes [ e

/

0o 02

What we want:
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Q2: What L leads to robust posteriors?

Ap Y 4y —> 77;!;(‘9 | xl;n)

Setting: g.=U—-¢€)-qg, + €-c

~ Ay > (0] )

Robustness: distance {7, (@ | x,.,), 7,0 | -,,)} < constant(c) - ¢

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML
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Q2: What L leads to robust posteriors?

Ap Y 4y —> 77;!;(‘9 | xl;n)

Setting: g.=U—-¢€)-qg, + €-c

~ Ay > (0] )

Robustness: sup {distance {n,&(e | x,.), (O] )} } < constant(s) - ¢

CES

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML
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Q2: What L leads to robust posteriors?

Ap Y 4y —> 77;!;(‘9 | xl;n)

Setting: g.=U—-¢€)-qg, + €-c

~ Ay > (0] )

Robustness: sup {distance {n,&(e | x,.), (O] )} } < constant(s) - ¢

CES K

= sup |7, (0| x.,) =m0 )
VIS,

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML
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Q2: What L leads to robust posteriors?

Setting: .= —¢)-

Ap Y 4y —> 77;!;(‘9 | xl;n)
+ £-C
~ 0 = 5,017)

Robustness: sup {distance {n,';(@ | x,.), (O] )} } < constant(s) - ¢

CES &

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML

= Sup
0e®

7,0 x,) —m O] )

\

Key quantity:

0
Loss robustness to contamination: a—L(H, Xi.,)
E

e=()
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Q2: What L leads to robust posteriors?

Ap Y 4y —> ﬂrlz_(‘g | xl;n)

Setting: g.=U—-¢€)-qg, + €-cC

~ Ay > (0] )

Theorem: 7-(0|x,.,) isrobustoverall c € § if L is.

Robustness: sup {distance {n,%(@ | x,.), (O] )} } < constant(s) - ¢

CES &

= sup |7, (0| x.,) =m0 )
VIS,

\

Key quantity: P
Loss robustness to contamination: a—L(@, Xi.,)
E

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B e=()
Altamirano, Briol, & Knoblauch (2023); ICML

Altamirano, Briol, & Knoblauch (2024); ICML
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Foundations of Post-Bayesian ML Research

<:> Foundations

71',2 )(6 | xl:n) mOdel misspecification Knoblauch & Damoulas (2018); ICML

Knoblauch, Jewson, & Damoulas (2018); NeurlPS
pSd A2)
] (
Yo (6’ ‘ A1 :n)

( A3) Frazier*, Knoblauch*, & Drovandi (2024); preprint
McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming

Q3: How should we design/choose L?

(A1) model well-specified
(A2) prior well-specified

(A3) computationally feasible
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Q3: How should we choose L?

expi—L(x;.,,0)} - 7(0)

Knoblauch, Jewson, & Damoulas (2018); NeurlPS
Dewaskar, Tosh, Knoblauch, & Dunson (2023); preprint
Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Knoblauch*, Frazier*, & Drovandi (2024); preprint

7 (0] x1.) =

I@Xp{ — l—(xlzifv 9)} ) ﬂ(@)d@

Standard Bayes

1 ;
L(x},,0) = ) —logp(x; | 0)
=1
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Q3: How should we choose L?

expi—L(x;.,,0)} - 7(0)

Knoblauch, Jewson, & Damoulas (2018); NeurlPS
Dewaskar, Tosh, Knoblauch, & Dunson (2023); preprint
Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Knoblauch*, Frazier*, & Drovandi (2024); preprint

7 (0] x1.) =

I@Xp{ — l—(xlzifv 9)} ) ﬂ(@)d@

Standard Bayes

Xi ~ (e * n
n-KL(g.,p(-|0) _ L(X).0 0) = Z — log p(x; | )
i=1
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Q3: How should we choose L?

Knoblauch, Jewson, & Damoulas (2018); NeurlPS
Dewaskar, Tosh, Knoblauch, & Dunson (2023); preprint
Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Knoblauch*, Frazier*, & Drovandi (2024); preprint

20 ] 31,) = S O} 7O

I@Xp{ — l—(xlzifv 9)} ) ﬂ(@)d@

NOT robust to
model misspecification (> Standard Bayes

* A~ (e * n
n-KL(g.,p(-|0) ~ L(Xp. 0) = Z — log p(x; | 6)
i=1
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Q3: How should we choose L?

expi—L(x;.,,0)} - 7(0)

Knoblauch, Jewson, & Damoulas (2018); NeurlPS
Dewaskar, Tosh, Knoblauch, & Dunson (2023); preprint
Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Knoblauch*, Frazier*, & Drovandi (2024); preprint

7 (0] x1.) =

I@Xp{ — l—(xlzifv 9)} ) ﬂ(@)d@

NOT robust to
model misspecification (> Standard Bayes

* A~ (e * n
n-KL(g.,p(-|0) ~ L(Xp. 0) = Z — logp(x; | 0)
5 =1

n-D(q.p(- | 0))

Robust discrepancy
D(g.,p(-10)) =~ D(q,p(-|0))



(B, (A2), (A3) @

Q3: How should we choose L?

Knoblauch, Jewson, & Damoulas (2018); NeurlPS
Dewaskar, Tosh, Knoblauch, & Dunson (2023); preprint
Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Knoblauch*, Frazier*, & Drovandi (2024); preprint

NOT robust to
model misspecification (> Standard Bayes

* A~ (e * n
n-KL(g.,p(-|0) ~ L(Xp. 0) = Z — logp(x; | 0)
5 =1

v
n-D(q.,p(-10)) ~ L (%125 0)

Robust discrepancy
D(g.,p(-10)) =~ D(q,p(-|0))
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Q3: How should we choose L?

Knoblauch, Jewson, & Damoulas (2018); NeurlPS
Dewaskar, Tosh, Knoblauch, & Dunson (2023); preprint
Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Knoblauch*, Frazier*, & Drovandi (2024); preprint

20 ] 31,) = S O} 7O

I@Xp{ — l—(xlzifv 9)} ) ﬂ(@)d@

NOT robust to
model misspecification (> Standard Bayes

* A~ (e * n

n-KL(g.,p(-|0) ~ L(Xp. 0) = Z — logp(x; | 0)

i=1
v Xi ™~
n-D(q..p(-|0)) ~ L (X1, 0)
Robust discrepancy Robust loss

D(q.,p(-|0) =~ D(q,p(:|8))| » L isrobustoverallc € &
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Q3: How should we choose L?

Knoblauch, Jewson, & Damoulas (2018); NeurlPS
Knoblauch, Jewson, & Damoulas (2022); JMLR
Dewaskar, Tosh, Knoblauch, & Dunson (2023); preprint
Knoblauch*, Frazier*, & Drovandi (2024); preprint

Examples of this principle:

xlNQS n

p-Divergence ~ Lﬁ(xlzn, 0) L — logp(x; | 6)

i=1
Robust discrepancy Robust loss

D(q.,p(-|0) =~ D(q,p(:|8))| » L isrobustoverallc € &
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Q3: How should we choose L?

Examples of this principle:

‘xl ~ £
v-Divergence ~ ‘1 L7 (X1, 0)
Xi ~
p-Divergence ~ L P(x,.,,0)
Robust discrepancy Robust loss

D

Knoblauch, Jewson, & Damoulas (2018); NeurlPS
Knoblauch, Jewson, & Damoulas (2022); JMLR
Dewaskar, Tosh, Knoblauch, & Dunson (2023); preprint
Knoblauch*, Frazier*, & Drovandi (2024); preprint

2y —logp(x, | 6)
i=1

@) — log p(x; | 0)
i=1

D(q.,p(-|0) =~ D(q,p(:|8))| » L isrobustoverallc € &
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Q3: How should we choose L?

Knoblauch, Jewson, & Damoulas (2018); NeurlPS
Knoblauch, Jewson, & Damoulas (2022); JMLR
Dewaskar, Tosh, Knoblauch, & Dunson (2023); preprint
Knoblauch*, Frazier*, & Drovandi (2024); preprint

For small y / p,

Examples of this principle: 7-(0 | x,.,) ~ Bayes w/o outliers
Xi ~ eeeeeeeseeeeeseeessseaaan ’/ n
y-Divergence ~ LX) 6’) =Y - log p(x; | 0)
X, ~ q. i711
B-Divergence ~ Py 00 253 Zlogp(x | 6)
Robust discrepancy Robust loss =

D(q.,p(-|0) =~ D(q,p(:|8))| » L isrobustoverallc € &
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Q3: How should we choose L?

Example 1: Deep Gaussian Processes (y-Divergence)

Hidden
layers naval

Robust Posterior € 2 —

|
¢

—6.8 —6.6

better worse
<+— Jest NLL ——

Knoblauch, Jewson, & Damoulas (2022); JMLR
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Q3: How should we choose L?

Example 1: Deep Gaussian Processes (y-Divergence)

Hidden
layers naval

Robust Posterior € 2 — ——

+

Bayes Posterior < 2 —]

|
¢

—6.8 —6.6

better worse
<+— Jest NLL ——

Knoblauch, Jewson, & Damoulas (2022); JMLR
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Q3: How should we choose L?

Example 1: Deep Gaussian Processes (y-Divergence)

Hidden
layers naval

Robust Posterior € 2 — ——

——

|
¢

Bayes Posterior < 2 —]

1
+

—6.8 —6.6

better worse
<+— Jest NLL ——

Knoblauch, Jewson, & Damoulas (2022); JMLR
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Q3: How should we choose L?

Knoblauch, Jewson, & Damoulas (2018); NeurlPS
eXP{ T L(xl ‘19 9) } ) 7[(9) Knoblauch, Jewson, & Damoulas (2022); JMLR
Dewaskar, Tosh, Knoblauch, & Dunson (2023); preprint

Iexp{ — I_(Xl ‘19 9) } . ﬂ(@)de Knoblauch*, Frazier®, & Drovandi (2024); preprint

7 (0] x1.) =

Generally intractable integrals
analytic form for most exponential families

. l
otherwise: =~ s Z p(y | ), u; ~ p(u; | 0)
j=1

Ny

Problems with these losses:

Xi ~ tereresereer :
v-Divergence Y L(xy.,,0)0 = n-[p(uw)Hﬂ dul + ...
Xi ~ G
p-Divergence AV Lﬁ(xlw Q): = n-log||p(u|6)* du |+ ...
Robust discrepancy Robust loss

(D(qg,p( -160)) ~ D(y,p(-] 6’))) -------- » L isrobustoverallc € &
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Q3: How should we choose L?

Question: How many simulations for good approximation quality of z-(0 | x,.,) ?

O
O

posterior density

| |
o senn 750 x,.,) (€XACH)

= —=(05-n
S=10-n
S=100-n

N
N

|
L
L
L
L
L
L
\J
)
.
.
.
.
|

Terrible approximations, even for large S'! x

D

Knoblauch®, Frazier*, & Drovandi (2024); preprint
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Q3: How should we choose L?

Question: How many simulations for good approximation quality of z-(0 | x,.,) ?

O
O
i

Y p-Divergence / y-Divergence S = 0(n*>)

X
X

p a-Divergence S = 0(n**)

)
.
.
.
.
|

posterior density

Terrible approximations, even for large S'! x

Knoblauch®, Frazier*, & Drovandi (2024); preprint
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Summary: Foundations of Post-Bayesian ML Research

<:> Foundations

]z"g )(H | 'xl‘n) model misspecification Knoblauch & Damoulas (2018); ICML
y Kno!ala*uch, Jewson; & Damoula§ (2018).; I\:ZUE:rF:S
| M (AS) E/T(a:lilaetrchll; Fg:lg, Fl:a,z?érl?& Kn:bl(azl?czzs)é%Zfl)); fct>rthcoming
o (6) ‘ xl:n)
Q1: Can tuning / improve robustness? A: No. Work with L
Q2: What L leads to robust posteriors 72 A: robust L= robust 7z, (0 | x;.,)
Q3: How should we design/choose L? A: L = (robust) divergence

(A1) model well-specified
prior well-specified

(A3) computationally feasible
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Summary: Foundations of Post-Bayesian ML Research

<:> Foundations

]z'lg )(H | 'xl‘n) model misspecification Knoblauch & Damoulas (2018); ICML
y Kno!ala*uch, Jewson; & Damoula§ (2018).; I\:ZUE:rF:S
| M (AS) E/Tgf:trchll; Fg:lg, Fl:a,z?érl?& Kn:bl(azl?cz:s)iZF())Zfl)); fct)rthcoming
Tty (6) ‘ xl:n)
Q1: Can tuning / improve robustness? A: No. Work with L
Q2: What L leads to robust posteriors 72 A: robust L= robust 7z, (0 | x;.,)
Q3: How should we design/choose L? A: L = (robust) divergence

Robustness <= Tractability

(A1) model well-specified
prior well-specified

(A3) computationally feasible




Post-Bayesian ML Research: State of the Art

@ Foundations (A1) model well-specified
prior well-specified

(A3) " computationally feasible

@ State of the Art

@ The Future
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Post-Bayesian ML Research: State of the Art

@ State of the Art

77:}'1‘((9 ‘ xl:n)

model misspecification +

>

computation

>

@

(A1) model well-specified

prior well-specified
(A3) computationally feasible

Schmon, Cannon, & Knoblauch (2020); AABI

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B

Dellaporta, Knoblauch, Damoulas, & Briol (2022); AISTATS (best paper award)
Altamirano, Briol, & Knoblauch (2023); ICML

Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)

Duran-Martin, Altamirano, Shestopaloff, Sanchez-Betancourt, Knoblauch,

Briol, & Murphy (2024); ICML



Post-Bayesian ML Research: State of the Art

(A1) model well-specified

prior well-specified
(A3) computationally feasible

Schmon, Cannon, & Knoblauch (2020); AABI

I i1fi I Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
@ State Of the Art mOdeI mISSpeCIflcatlon t Dellaporta, Knoblauch, Damoulas, & Briol (2022); AISTATS (best paper award)

computation Altamirano, Briol, & Knoblauch (2023); ICML

77:,'1_(6 ‘ ‘xl'n) M Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)
' M Duran-Martin, Altamirano, Shestopaloff, Sanchez-Betancourt, Knoblauch,

Briol, & Murphy (2024); ICML

Problem identified in (1) : Robustness <= Tractability

Q: Can we design losses L that are both robust and tractable ?
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POSt— BayeSian M L Gibbs/Generalised/ D, (42), DS

Pseudo Posterior

expi—L(x;.,,0)} - n(0)
I@Xp{ — l—(xlzn’ 9)} ) ﬂ(@)d@

ﬂrlz_(e ‘ xl:n) —

p(x,., | ) — exp{—L(x,.,,0)}, loss L

(A1) model well-specified

(AZ) prior well-specified p :
OS :
(A3) computationally feasible Sible belief Updates
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L. for Robustness + Tractability

exp{—L(x,..,0)} - 7(6)
Altamirano, Briol, & Knoblauch (2023); ICML
Iexp{ — |_( X1-1s (9) } . ﬂ(Q)d@ Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B

71');(6 ‘ xl:n) —

Inspiration: dealing with unnormalised likelihoods

Setting: p(-160) = v(-|0) | Z

ey

can be evaluated = Jv(u | 6) du (intractable integral)
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L. for Robustness + Tractability

exp{—L(x,..,0)} - 7(6)
Altamirano, Briol, & Knoblauch (2023); ICML
Iexp{ — |_( X1-1s (9) } . ﬂ(Q)d@ Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B

7 (0] x1.) =

Inspiration: dealing with unnormalised likelihoods

Setting: p(-10) = vi-|0) | Z

can be evaluated = Jv(u | 6) du (intractable integral)

Brute Force: u; ~ v(y; | 0)

Jv(u | 0) du

Tractability €
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L. for Robustness + Tractability

exp{—L(x;.,,0)} - ©(0)
Altamirano, Briol, & Knoblauch (2023); ICML
Iexp{ — |_( X1-1s (9) } . ﬂ(@)d@ Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B

7 (0] x1.) =

Inspiration: dealing with unnormalised likelihoods

Setting: p(-10) = vi-|0) | Z

can be evaluated = Jv(u | 6) du (intractable integral)
Next!

Smart strategy:

—> L(x;.,,0) = Score Matching / Stein Discrepancies
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L. for Robustness + Tractability

Suppose: p(x;., | 0) = Xi., /| Z,

V logv(x,., | €

Hyvéarinen (2005); JMLR
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L. for Robustness + Tractability

Suppose:  p(x, |0) = vix., | 0)] Z .
Stein / Hyvarinen score

\Y% .| O \% | 0)]Z /

\_v_/ V(xlzn ‘ 9) V(xlzn ‘ ‘9) /ZQ \_Y_/

can be evaluated can be evaluated

Hyvarinen (2005); JMLR
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L. for Robustness + Tractability

Suppose:  p(x, |0) = vix., | 0)] Z .
Stein / Hyvarinen score

v

| p V vixy., | O V. vixy.,  0)]7Z, | ( )
O x ° . | . | I O x .
\—Y—/x 5 L X1-p 6 X1 6 /Z(g \—Y—/x 5 L
can be evaluated can be evaluated

true data-generating density ¢.

v
|V logp(x,., | 6) — V,log qg(xm)H%

Score Matching

Hyvarinen (2005); JMLR



B

1" o T b ]
)
lr",é - % -~

L. for Robustness + Tractability

Suppose:  p(x, |0) = vix., | 0)] Z .
Stein / Hyvarinen score

v

V. vixg., | 0) B V.vix., | 0)/7Z,

V Iogvix,.. | )= = =V logp(x,. | O
LA | OF = 0 g 1072, ot O,
can be evaluated can be evaluated

true data-generating density ¢.

v
|V, log p(xy.,, | 0) — V,log q,(x; )3 = |V logp(x,, | Dll5+2V -V logpx,, | 0 =Lx,,0
%Y—/

Score Matching can be evaluated

Hyvarinen (2005); JMLR
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L. for Robustness + Tractability

A ~
n - D, p( - | 0)) R L (X120, €)

Fisher Divergence Score Matching

Barp, Briol, Duncan, Girolami, & Mackey (2019); NeurlPS
Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)
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L. for Robustness + Tractability

Xi ~ 4,
n - De(q,. p( - | ) R (X1 0)
Fisher Divergence Score Matching
x NOT a robust divergence @ =seeseee > L. NOT robust

Barp, Briol, Duncan, Girolami, & Mackey (2019); NeurlPS
Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)



(30, (A2), (8&)
L. for Robustness + Tractability

Can we generalise D(g,., p( - | 0))
to make it robust?

Xi ~ 4,
n - De(q,. p( - | ) R (X1 0)
Fisher Divergence Score Matching
x NOT a robust divergence @ =seeseee > L. NOT robust

Barp, Briol, Duncan, Girolami, & Mackey (2019); NeurlPS
Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)
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L. for Robustness + Tractability

/CAN be made robust
Stein Discrepancy

n - Dgp(q,.,p(-|0))
A

Can we genera;lise Dr(q.,p(- | 0))
to make it robust?

n - D(q,. p( - | 0)) R (X1 0)
Fisher Divergence Score Matching
x NOT a robust divergence @ =seeseee > L. NOT robust

Barp, Briol, Duncan, Girolami, & Mackey (2019); NeurlPS
Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)



L. for Robustness + Tractability

/CAN be maderobust =0 rereese > L robust
Stein Discrepancy X, ~ (. Generalised Score Matching
n - DSD(qga p(C-|0)) AY I—(xlzn’ 0)
A
Can we genera;lise Dr(q.,p(- | 0))
to make it robust?
A~ g
n - Dp(q,. p( - | 0)) R (X1 0)
Fisher Divergence Score Matching
x NOT a robust divergence @ =seeseee > L. NOT robust

Barp, Briol, Duncan, Girolami, & Mackey (2019); NeurlPS
Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)
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L. for Robustness + Tractability

n-Dep(p(-16),q.) = sup |Ex., [f(X)| — Exepxio) X

JEF
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L. for Robustness + Tractability

1 Dsp(p(- 10,9 = sup |[Ex, [f00] = Ex ey 17000

J&F9 — ()

Desighed so that |
Exnixio) X)| = 0for all fe F,
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L. for Robustness + Tractability

- Dap(p(+ 1 0).0,) = sup |Ex.,, [f00)] = Experr fFO0)

JEF

—X~q, [f* (X )]

(weighted Langevin-Stein operator

Designed so that + Stein set as RKHS / C' u L?)

Exnixio) X)| = 0for all fe F,

F , ensures that supremum has a closed form solution
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L. for Robustness + Tractability

1= Dep(p(-10).4.) = sup |Ex., [0] = Ex e 0] | = £, [F00] "~ Lixy, 0

JEF

(weighted Langevin-Stein operator

Designed so that + Stein set as RKHS / C' u L?)

Exnixio) X)| = 0for all fe F,

F , ensures that supremum has a closed form solution
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L. for Robustness + Tractability

n - DSD(p( ) ‘ 9)9 q8) — Sup _erqg [f(X)] _W _X~qg [f*(X)] Xi ; qg L(xl:n’ 6)

J&F9 — ()

(weighted
+ Stein set as RKHS / C! u L?)

Desighed so that

Exnixio) X)| = 0for all fe F,

F , ensures that supremum has a closed form solution

Robustness can be evaluated

—> | based on Stein Discrepancies = robust &



L. for Robustness + Tractability
Comparison: (0] x;.,) — 7, (0] x;.,)

All settings ﬂ,k @ | xy.,) robust via w(-) 7, (0 | Xi.,) is not \/



L. for Robustness + Tractability

- L
Comparison: 7, (0| x;.,) — 7. (0] x;.,)
All settings 71',!;(6’ | x;.,,) robust via w(-) 7,0 | x1.,) is not \/
p(-10) = [ Zo 70| x,,) to compute than  7,(0 | x;.,) \/

intractable



L. for Robustness + Tractability

- L
Comparison: 7, (0| x;.,) — 7. (0] x;.,)
All settings 71',!;(6’ | x;.,,) robust via w(-) 7,0 | x1.,) is not \/
p(-10) = [ Zo 70| x,,) to compute than  7,(0 | x;.,) \/

intractable

p(-|0) (0| x.,) as (0 | x1.,) /
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L. for Robustness + Tractability

- L
Comparison: 7, (0| x.,) — 7. (0] x;.,)
All settings ﬂ,,';(é’ | x;.,,) robust via w(-) 7,0 | x1.,) is not \/
p(-10) = v(-|0) [ Z (0| x,.,) faster to compute than 7,0 | x;.,)
\_Y_' \_v_l 1: P 1: /

tractable Intractable

p(-16) (0| x;,,) roughly as fast as 7, (0 | xy.,) \/
—y— - -
tractable Next!

7?7
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L. for Robustness + Tractability

A~
n - DSD(P( - | 0), q,) ~ L(x1.,,s 0)

!

exponential family
(possibly with intractable normaliser)

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)



(30, (A2), (3&) @

L. for Robustness + Tractability

xiqu

exp{— n - DSD(p( . ‘ (9), qg)} ~ eXP{_L(xlzna (9) } — exp{ — Z (Q—ﬂ(xi))TA(xi)<6’—//t(x,-)) }

T

exponential family
(possibly with intractable normaliser)

unnormalised Squared Exponential / Gaussian in 6

exp{—L(xy.,,0)} - ©(0)
I@Xp{ — l—(xlznv ‘9) } ) 71'((9)61(9

7 (0] x1.) =

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)
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L. for Robustness + Tractability

Xl-ng

exp{— n - DSD(p( . ‘ 6’), qg)} ~ exp{—L()Clzn, 6’) } — €Xp{ — Z (Q—ﬂ(xi))TA(Xi)<t9—ﬂ(Xi)) }

T

exponential famil
X y unnormalised Squared Exponential / Gaussian in 6

(possibly with intractable normaliser) -
conjugate prior!
71',!;(6’ | xlzn) x exp {— 2 (Q—ﬂ(xi))TA(xi)(H—M(xi)) } exp { (60— ,uo)TAO (6 — wo) }
- Ny~

squared exponential prior

expi—L(x;.,,0)} - n(O)
I@Xp{ — L(x1:n9 ‘9) } ) 71'((9)61’(9

7 (0] x1.) =

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)
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L. for Robustness + Tractability

xiqu

exp{— n - DSD(p( . ‘ 6’), qg)} ~ exp{—L()Clzn, 6’) } — €Xp{ — Z (Q—ﬂ(xi))TA(Xi)<t9—ﬂ(Xi)) }

T

exponential famil
X y unnormalised Squared Exponential / Gaussian in 6

(possibly with intractable normaliser) -
conjugate prior!
71',',;(6’ | xlzn) x exp {— Z (H—ﬂ(xl.))TA(xi)(H—M(xi)) } exp { (60— ,uO)TAO (6 — wo) }
- Ny~

squared exponential prior

= N (9, //tl_(xlzn)’ ZL(xl:n))

Closed form / conjugate Post-
Bayesian posterior

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)
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L. for Robustness + Tractability

xiqu

exp{_ n-Dep(p( - | 9),%)} ~ eXP{—L(ana 0) } — exp{— Z (H—ﬂ(xi))TA(x,-)(H—ﬂ(x,-)) }

T

exponential famil
X y unnormalised Squared Exponential / Gaussian in 6

(possibly with intractable normaliser) -
conjugate prior!
71}';(6’ | xlzn) x exp {— Z (H—ﬂ(xi))TA(xi)(é’—M(xi)) } exp { (60— ,uO)TAO (6 — wo) }
- Ny~

squared exponential prior

= N (9, //tl_(xlzn)’ ZL(xl:n))

Closed form / conjugate Post- evenif p(-|0) = vi-10) [ Z, 111
Bayesian posterior Y 4

tractable intractable

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Matsubara, Knoblauch, Briol, & Oates (2023); JASA
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)



(340, (A2), (B) @

L. for Robustness + Tractability

- L
Comparison: 7. (0| x;.,) — (0| x;.,)
All settings -0 | x;.) cobust via w(-) 70 ]x.,) is not
p(-10) = (- 10) 1 Z 70| x.,) fastertocomputethan 7,0 ]x;,)

tractable Intractable

SN N N XN

\llv‘ﬁ, (0| x;.,) roughly as fast as 7,0 | x1.,)
tractable

. | @) exponential famil
p(-]0)exp y 750 ] x,.) as fast as / faster to 7 (0] x..)

+ 7(6) conjugate compute than



(30, (A2), (5]
L. for Robustness + Tractability

expi—L(x;.,,0)} - n(0)
[exp{—L (X1 0)) - 7(0)dO

ﬂrlz_(e ‘ xl:n) —

= N ((9, ,Ml_(xlzn)’ ZL(xl:n))

Like sufficient statistics!
can be updated with simple algebra
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L. for Robustness + Tractability

expi—L(x;.,,0)} - n(0)
[exp{—L (X1 0)) - 7(0)dO

ﬂrlz_(e ‘ xl:n) —

Like sufficient statistics!
. can be updated with simple algebra

! 4
4 'Q L4
. 4 0

Gra.phlcal Modelllng

0
szszder X R? and the Langevin Stein operator Sp, in (5), where ?9 18

!
4
4
N

Changepomts

Proposition 3.1. If py is given by (5) ﬁzm. R
N

Proposition 2.

the exponential fagily in , and a kernel K € Cl 1(]Rd x R Rxd), Assummg the pmoﬁ. - o, -
has a p.d.f. m, t SD- Bayes generalised posterior has ap.d.f. Q’. 1o Do (0|5U1:T) X 7-(-(9) eXp(_wT[n(Q> ATT] _|_ n(é W&).
T (6) o 7(0) exp (=Bn{n(0) - Aun(6) +n(0) - va}) . ¢
n ’ n nt/s L 4 T T
Co, JorAr=713 A(xt)’ VT = F 211 (xt) and
where A,, € R*** and v, € R* are defined as L 4 B S L B AT A R A A P A A A SO TSNS AP I

Taking n(0) = 6 and choosing a squared exponential
prlor m(0) x exp (—3(0 — p) "1 — p)), also makes
D (Q|z1.7) a (truncated) normal of the form

70 (0lz1.r) o exp (—5(0 — pr) TS7 (0 — pr)).

for X7t = ST 4 20T A and pr = Xr (X' — wTvr).

For antalepoentz'al famly have 779) :9 ‘and }zeprz'o 9) « ex(—%(@ —,u) -
Y7YO — p)) leads to a generalised posterior

7D (68) oc exp (—%(e ) S0 - m)

where Y71 =371+ 268nA,, and p, == X1 (" n —v,).

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B Altamirano, Briol, & Knoblauch (2023); ICML

Gaussian Processes

Proposition 3.1. Suppose f ~ GP(m,k) and € ~
N0, I,,0%). Then, the RCGP posterior is

7w(xnayn))—r’ my, = I +
02V log(w?) and Jy, = diag(%w™?). The RCGP’s pos-

terior predictive over f, = f(x,) atz* € X is

fOFW — (w(xlayl)w"

Pl xy) = [ p(le e (Elyx0dE
:N(f*,,LL*R,ZE),

/’LE = m, + k;r (K + O'2JW)_1 (y - mw)?
=k, k! (K+0%J,) 'k,.

Altamirano, Briol, & Knoblauch (2024); ICML spotlight
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L. for Robustness + Tractability

expi—L(x;.,,0)} - n(0)
[exp{—L (X1 0)) - 7(0)dO

ﬂrlz_(e ‘ xl:n) —

Like sufficient statistics!
. can be updated with simple algebra

! 4
4 'Q L4
. 4 0

Gra.phlcal Modelllng

Proposition 2. Gonszder X R? and the Langevin Stein operator Sp, in (5), where ?g’zs

!
4
4
N

Changepomts

Proposition 3.1. If py is given by (5) ﬁzm. R
N

the exponential fagily in , and a kernel K € Cl 1(]Rd x REGR¥X), Assuming the pmoﬁ. - o, -
has a p.d.f. m, t SD—Bayes generalised posterior has ap.d.f. Q’. 1o Do (0|5U1:T) X 7-(-(9) eXp(_wT[n(€> ATT] _|_ n(é W&).
T (6) o 7(0) exp (=Bn{n(0) - Aun(6) +n(0) - va}) . ¢
n " nds L 4 1 7T 2 7T
Yo, JorAr=7) A(xt)’ VT = T 2ut=1 (xt) and
’where A € RFx* and I/n 6 ]Rk are deﬁned as L 4 B T B A B D B S A A SO P PSP T 957

K(x;,2;)Vit(z;),

Api=— ZW

Vn 1= g Z: Vi(x;) - (Va, - K(zi, 7)) + Vi(z;) - (Va, - K(zi,25)) + 2Vt(x;) - K (2, 2;)Vb(x;). Taking 77(9) — 9 and choosing a squared exponential

prlor m(0) x exp (—3(0 — p) "1 — p)), also makes
D (0|z1.7) a (truncated) normal of the form

70 (0lz1.r) o exp (—5(0 — pr) TS7 (0 — pr)).

for X7t = ST 4 20T A and pr = Xr (X' — wTvr).

For anatumlezponentzal famly have 779) :9 ‘and }zeprz'o 0) « ex(—%(@ —,u) -
Y7YO — p)) leads to a generalised posterior

7D (68) oc exp (—%(9 ) S0 - m)

where Y71 =371+ 268nA,, and p, == X1 (" n —v,).

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B Altamirano, Briol, & Knoblauch (2023); ICML

Next!

—> Feasible for on-line problems!

Gaussian Processes

Proposition 3.1. Suppose f ~ GP(m,k) and € ~
N0, I,,0%). Then, the RCGP posterior is

for s = (w(er, ). wlg, )T ma = m
02V, log(w?) and Jy = dlag(%w 2). The RCGP’s pos-
terior predictive over f, = f(x,) at x* € X is

Pl xy) = [ p(le e (Elyx0dE
:N(f*,,LL*R,ZE),

/’LE = m, + k;r (K + O'2JW)_1 (y - mw)?
=k, k! (K+0%J,) 'k,.

Altamirano, Briol, & Knoblauch (2024); ICML spotlight
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L. for Robustness + Tractability: Kalman Filter

—> Closed form Post-Bayesian posteriors: feasible for on-line problems!

Duran-Martin, Altamirano, Shestopaloff,

Standard Kalman Filter

ISP

Sanchez-Betancourt, Knoblauch, Briol,

& Murphy (2024); ICML

Robust version

7 g SRR

O

@
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Summary: State of the Art in Post-Bayesian ML

@ State of the Art

77:1'1_(9 ‘ xl:n)

model misspecification +
computation

@

(A1) model well-specified

prior well-specified
(A3) computationally feasible

Schmon, Cannon, & Knoblauch (2020); AABI

Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B

Dellaporta, Knoblauch, Damoulas, & Briol (2022); AISTATS (best paper award)
Altamirano, Briol, & Knoblauch (2023); ICML

Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)

Duran-Martin, Altamirano, Shestopaloff, Sanchez-Betancourt, Knoblauch,

Briol, & Murphy (2024); ICML




, Tackled Assumptions Part of the Talk @
The Future of Post-Bayesian ML

<:> Foundations

@ State of the Art

@ The Future



X, BX), B

model misspecification +
prior misspecification +

computation

The Future of Post-Bayesian ML

(A1) model well-specified

prior well-specified
(A3) computationally feasible

Husain & Knoblauch (2022); ALT

Knoblauch, Jewson, & Damoulas (2022); JMLR

Matsubara, Knoblauch, Briol, & Oates (2023); JASA

Wild, Sejdinovic, & Knoblauch (2024); forthcoming

Wild, Ghalebikesabi, Sejdinovic, & Knoblauch (2024); NeurlPS (oral)
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The Future of Post-Bayesian ML

Optimisation-centric posteriors /

Generalised Variational Inference M, M,M

*(0) = IREVA . Q C PO
q:(0) argr;gg{ (@) (©)

— [ L(xy,,,0) q(0) dO + D(q, )

(A1) model well-specified
(AZ) prior well-specified
(A3) computationally feasible




0. 33%), () @
The Future of Post-Bayesian ML

exp{—L(x;...,0)} - n(0
n,,';(é’ | x1.,) = PL=L0 O} - 7(0) = arg min { [ L(x;.,,0) g(6) dO + KL(q, 71')}
' |exp{—L(x}.,, 0} - 7(0)dO GEP(O) ‘
be optimising overi Mby using Mby using
aset @ C X0O) : robust loss L - robust regulariser D
v

del well- ifled
DX model well-specifie g¥*(#) = argmin L (X1, 0) g(0) dO + D(q,x)

M prior well-specified
M computationally feasible

qel

Optimisation-centric posteriors / =%, ()

| Generalised Variational Inference (GVI)
Husain & Knoblauch (2022); ALT
Knoblauch, Jewson, & Damoulas (2022); JMLR
Wild, Sejdinovic, & Knoblauch (2024); forthcoming
Wild, Ghalebikesabi, Sejdinovic, & Knoblauch (2024); NeurlPS (oral)
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The Future of Post-Bayesian ML

Data Neural Network
Output Layer/predictive uncertainty

7.60

6.65

4.75

3.80

2.85

1.90

0.95

0.00
—1 0

11-d pro]e@tionl

O-w

+
_5-

L0 1

2
Standard Bayes (HMC)

Knoblauch, Jewson, & Damoulas (2022); JMLR
Wild, Hu, & Sejdinovic, NeurlPS (2022)
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The Future of Post-Bayesian ML

Data Neural Network
Output Layer/predictive uncertainty

0.39 119

B
0.35 1.06

0.31 0.94

0.27 0.81

0.23 . 0.68

0.19

0.55

0.15 0.42

0.11 0.30

0.07 0.17

0.03 0.04

5 0 1 2 0 1 2

Mean Field VI Monte Carlo Dropout

1

T 2
Standard Bayes (HMC)

Knoblauch, Jewson, & Damoulas (2022); JMLR
Wild, Hu, & Sejdinovic, NeurlPS (2022)
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The Future of Post-Bayesian ML

Data Neural Network

D = Wasserstein Dis_tance Output Layer/predictive uncertainty
Improves Uncertainty

1 2

0 1 2 =

- —1 0
GVI (D = Wasserstein distance) Standard Bayes

olf(x)]

0.39 119

0.35 1.06

0.31 0.94

0.27 0.81

0.23 . 0.68

0.19

0.55

0.15 0.42

0.11 0.30

0.07 0.17

0.03 0.04

5 0 1 2 0 1 2

Mean Field VI Monte Carlo Dropout

1

(HMO)

Knoblauch, Jewson, & Damoulas (2022); JMLR
Wild, Hu, & Sejdinovic, NeurlPS (2022)
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The Future of Post-Bayesian ML

New Problem: Unclear how to compute ¢*(€)) unless @ is a parameterised set of distributions

Wild, Ghalebikesabi, Sejdinovic, & Knoblauch (2023); NeurlPS Oral
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The Future of Post-Bayesian ML

g0 = arg mig{ [ L(x,.,,0) q(0) dO + D(q, n)}
=

New Problem: Unclear how to compute ¢*(€)) unless @ is a parameterised set of distributions

New Algorithmic Solution: Infinite-dimensional Gradient Descent on %,(©)

Wild, Ghalebikesabi, Sejdinovic, & Knoblauch (2023); NeurlPS Oral
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The Future of Post-Bayesian ML

WX , ) ’/ [14 3 2
NS 5%
/

g*(@) = argmin { [ L(x;.,,0) g(6) dO + D(q, n) } \\ ":’232:\1\\\‘.'

Wypts
ge0 ”@" ""”7' '

:mr "l

.‘ — - —
’353“’3\::5-._ -"-*“ SOSe
A

;”/[/

<> ?'7’

New Problem: Unclear how to compute ¢*(€)) unless @ is a parameterised set of distributions

New Algorithmic Solution: Infinite-dimensional Gradient Descent on %,(©)

Implementation: Wasserstein Gradient Flowon g+ J (X1, 0) q(0) dO + D(q, )

Wild, Ghalebikesabi, Sejdinovic, & Knoblauch (2023); NeurlPS Oral
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The Future of Post-Bayesian ML

\\" ’ I
I

’.’/,%:1

l' '

g0 = arg mig{ [ L(x,.,,0) q(0) dO + D(q, 71')}
=

New Problem: Unclear how to compute ¢*(€)) unless @ is a parameterised set of distributions

New Algorithmic Solution: Infinite-dimensional Gradient Descent on %,(©)

Implementation: Wasserstein Gradient Flowon g+ J (X1, 0) q(0) dO + D(q, )

Result: Sampling algorithm that doesn't need access to its target ¢*(6)

First of its kind.

Wild, Ghalebikesabi, Sejdinovic, & Knoblauch (2023); NeurlPS Oral
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The Future of Post-Bayesian ML

‘\\ \\
”‘\“\\“ I Ml
G ':"””’ i

% e

lh llllllzl' ' ' / l,

g0 = arg mig{ [ L(x,.,,0) q(0) dO + D(q, 71')}
ge

New Problem: Unclear how to compute ¢*(€)) unless @ is a parameterised set of distributions

New Algorithmic Solution: Infinite-dimensional Gradient Descent on %,(©)

Implementation: Wasserstein Gradient Flowon g+ J (X1, 0) q(0) dO + D(q, )

Result: Sampling algorithm that doesn't need access to its target ¢*(6)

recovers various deep learning algorithms + First of its kind.

emblematic for why Post-Bayesian ML matters

. o Will revisit this in a second.
Wild, Ghalebikesabi, Sejdinovic, & Knoblauch (2023); NeurlPS Oral
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The Future of Post-Bayesian ML

A Selection of unresolved challenges:

- How should we choose D?

Knoblauch, Jewson, & Damoulas (2022); JMLR
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The Future of Post-Bayesian ML

A Selection of unresolved challenges:

- How should we choose D?
- Can we characterise all divergence-based L that provide conjugate posteriors?

Knoblauch, Jewson, & Damoulas (2022); JMLR
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The Future of Post-Bayesian ML

A Selection of unresolved challenges:

- How should we choose D?
- Can we characterise all divergence-based L that provide conjugate posteriors?
- How should we formalise robustness to prior misspecification?

Knoblauch, Jewson, & Damoulas (2022); JMLR
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The Future of Post-Bayesian ML

A Selection of unresolved challenges:

- How should we choose D?

- Can we characterise all divergence-based L that provide conjugate posteriors?
- How should we formalise robustness to prior misspecification?

- How should we choose between different Post-Bayesian methods?

Knoblauch, Jewson, & Damoulas (2022); JMLR
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The Future of Post-Bayesian ML

A Selection of unresolved challenges:

- How should we choose D?

- Can we characterise all divergence-based L that provide conjugate posteriors?
- How should we formalise robustness to prior misspecification?

- How should we choose between different Post-Bayesian methods?

- (basic) asymptotics

Knoblauch, Jewson, & Damoulas (2022); JMLR
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The Future of Post-Bayesian ML

A Selection of unresolved challenges:

- How should we choose D?

- Can we characterise all divergence-based L that provide conjugate posteriors?
- How should we formalise robustness to prior misspecification?

- How should we choose between different Post-Bayesian methods?

- (basic) asymptotics

- What is the overlap / difference with Martingale Posteriors??

... But rather than expanding on technical challenges,

let me end with a morality tale
Knoblauch, Jewson, & Damoulas (2022); JMLR



), 3, (3 @
Morality Tale: Why Post-Bayesian ML matters

Objective: g [y, [—logp(xlzn | ) ] + KL(q, n)

Target: Cold Posterior (/> 1)
/ Bayes Posterior (/| = 1)

Wild, Ghalebikesabi, Sejdinovic, & Knoblauch (2023); NeurlPS Oral
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Morality Tale: Why Post-Bayesian ML matters

Objective: g [y, [—logp(xlzn | 9)’1] + KL(q, n)

Target: Cold Posterior (/> 1)
/ Bayes Posterior (/| = 1)

Wasserstein Gradient Flow = Langevin Diffusion

Converges to
well-defined density

gi(0) = (0| x;.,)

Wild, Ghalebikesabi, Sejdinovic, & Knoblauch (2023); NeurlPS Oral
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Morality Tale: Why Post-Bayesian ML matters

Objective: g+ Ey_, [-logp(x,, | 0| + KL(g, ) — g+ Ey. |-logp(x., | 0)]

Target: Cold Posterior (1> 1) Deep Ensemble (DE) (1 — o)
/ Bayes Posterior (1 = 1)

Wasserstein Gradient Flow = Langevin Diffusion Wasserstein Gradient Flow = DE

Converges to
well-defined density

gi(0) = 1,0 | x.,)

Converges to ill-defined
discrete measure

Wild, Ghalebikesabi, Sejdinovic, & Knoblauch (2023); NeurlPS Oral



Morality Tale: Why Post-Bayesian ML matters

Claim: ‘Deep Ensembles = Bayesian Inference’

[...] Deep ensembles (Lakshminarayanan et al., 2017) are not a
competing approach to Bayesian inference, but [...] a compelling
mechanism for Bayesian marginalization.

Published by a group specialised in Bayesian ML (2020) @ NeurlPS
(cited > 650 times according to Google scholar)
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Morality Tale: Why Post-Bayesian ML matters

Claim: ‘Deep Ensembles = Bayesian Inference’

[...] Deep ensembles (Lakshminarayanan et al., 2017) are not a
competing approach to Bayesian inference, but [...] a compelling
mechanism for Bayesian marginalization.

Published by a group specialised in Bayesian ML (2020) @ NeurlPS
(cited > 650 times according to Google scholar)

Unfortunately, as we just saw this is not correct. x



Conclusion: Why Post-Bayesian ML matters

l. In practice, orthodox Bayesian ML has already been abandoned

(Bayes posterior: prior regulariser, densities ;
Deep Ensembles: no prior regulariser, discrete measures)



Conclusion: Why Post-Bayesian ML matters

l. In practice, orthodox Bayesian ML has already been abandoned

(Bayes posterior: prior regulariser, densities ;
Deep Ensembles: no prior regulariser, discrete measures)

Il. But as a field, we often don't pay enough attention to the ramifications,
and lag behind in developing coherent Post-Bayesian formalisms
and a mathematical grammar to talk about them.



Conclusion: Why Post-Bayesian ML matters

l. In practice, orthodox Bayesian ML has already been abandoned

(Bayes posterior: prior regulariser, densities ;
Deep Ensembles: no prior regulariser, discrete measures)

Il. But as a field, we often don't pay enough attention to the ramifications,
and lag behind in developing coherent Post-Bayesian formalisms
and a mathematical grammar to talk about them.

Ill. This in turns leads to incorrect claims and conclusions.
(‘Deep Ensembles are Bayesian')



(A1) model well-specified

R f n P t_ B y - M L (A2) prior well-specified
ererences. ros dvyesSidn 23 computationally feasible
(1) Foundations @ ISBA 2024
(1) - e Knoblauch & Damoulas (2018); ICML
ﬂn (‘9 | xl:n) model missg. Knoblauch, Jewson, & Damoulas (2018); NeurlPS
BRI Frazier*, Knoblauch*, & Drovandi (2024); preprint
] ,
o (6’ ‘ xl:n)

McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming
@ State of the Art

<

model missp
@ The Future prior misspe Husain & Knoblauch (2022); ALT
Knoblauch, Jewson, & Damoulas (2022); JMLR

g*(0) COMP Ui \/atsubara, Knoblauch, Briol, & Oates (2023); JASA
n M Wild, Sejdinovic, & Knoblauch (2024); forthcoming
%Q M Wild, Ghalebikesabi, Sejdinovic, & Knoblauch (2023);

NeurlPS (oral)

Schmon, Cannon, & Knoblauch (2020); AABI
Matsubara, Knoblauch, Briol, & Oates (2022); JRSS-B
Dellaporta, Knoblauch, Damoulas, & Briol (2022);
AISTATS (best paper award)
Altamirano, Briol, & Knoblauch (2023); ICML
Altamirano, Briol, & Knoblauch (2024); ICML (spotlight)
Duran-Martin, Altamirano, Shestopaloff, Sanchez-Betancourt,
Knoblauch, Briol, & Murphy (2024); ICML







Foundations

1930: DeFinetti’s Representation Theorem Icf. Hewitt & Savage (1955), Diaconis & Freedman (1984, 1987)]

For all k < n and all permutations o, p(x, x,, ..., x;) z P(X 1) X205 -+ o5 X (1))

|

k
There is a parameter space © and n(6) S.t. p(X (1), X,2)s - > X)) z JH p(x; | 0)n(0)do
i=1

— If data exchangeable, there MUST be

1) model p( - | ) Justification for
2) prior x(6) Bayesianism
that represent the data through a Bayesian approach.



Foundations

1930: DeFinetti’s Representation Theorem Icf. Hewitt & Savage (1955), Diaconis & Freedman (1984, 1987)]

For all k < n and all permutations o, p(x, x,, ..., x;) z P(X 1) X205 -+ o5 X (1))

| k

There is a parameter space © and n(6) S.t. p(X (1), X,2)s - > X)) z JH p(x; | 0)n(0)do
i=1

—> Problem: Does NOT tell you what #(8) and p( - | 9) are!

1) 7 generally depends on p( - | ) and n Not how we practice
2) 6 generally co-dimensional Bayesianism

le.g. p(x; | 8) = O(x,) for & a probability density on x/]



Foundations

1954. Savage Axioms connects Bayes’ Theorem to Decision Theory

Actions & = {a: — Consequences} a, S a; < a, preferred to a,

< satisfies Savage Axioms on &
3 utility function u : Consequences — R and 7 on s.1.

Va,a, € & :a; S a, = Ju[al( )| m(s) ds < Ju[az( )| () d

Va,a, € o :a; S a,given x;., «— Ju[al( N, (s | x.,)ds < Ju[az( N, (s|x.,)d



Foundations

—> Prior z(s) = beliefs IMPLIED by rational agent's preferences
—> Bayes' Posterior z (s | x;.,) = rational agent's belief update given data

< satisfies Savage Axioms on &
3 utility function u : Consequences — R and 7 on s.1.

Va,a, € & :a; S a, = Ju[al( )| m(s) ds < Ju[az( )| () d

Va,a, € o :a; S a,given x;., «— Ju[al( N, (s | x.,)ds < Ju[az( N, (s|x.,)d




Foundations

Problem: Prior z(s) i1s defined on
—> parameter space ® = relevant

(not parameters 6')
< Xx., ~ pg(x,.,) fOr some 6* € ®

— Does NOT tell you what #(8) and p( - | ) are!

ny

|

< satisfies Savage Axioms on &f

3 utility function u : Consequences — R and 7 on s.1.

Va,a, € & :a; S a, = Ju[al( )| m(s) ds < Ju[az( )| () d

Va,a, € o :a; S a,given x;., «— Ju[al( N, (s | x.,)ds < Ju[az( N, (s|x.,)d




Post-Bayesian ML: Success Stories

Standard Kalman Filter for Terrain Aided Navigation (Drone over Terrain Map)

Robustified version

BPF: velocity in z direction| NMSE = 0.1511, 90% Coverage = 0.691
lv | T  l T 1 BHE I I
s0 | A b . o
7 ]| |
0 174" I I 1M | Lod 1 | | ;
1Y I 1 P 2| I I
I I 11 -~ I I g3 -
—-504 1 | I 11 Nl A . | I =
I I 11 1 1 a1 s A .
I I 11 1l 1 8 o [ i
I I 11 1 RN | |
I I 11 1 11 =
I I 11 1 11 ol I
I 1 1 L1 , _—
B-BPF: velocity in z direction| NMSE = 0.0944, 90% Coverage = 0.856
R I 11 1 11 I I
50 - I -~ _ 1 1 : :
NSt o
T | & | | Stat
ate
504 1 | | | | : 11
I I 11 I
I I 11 AR
el AR R A .
I I 11 o
_150 . . II . I I I I I - 8
1000 1200 1400 1600 1800 2000 g-llpvf’"\,w
- True trajectory - BPF filtering dist. -22
- [3-BPF filtering dist. for §=0.1 - == Prominent outliers
=337 101 126 151 175
X-pos

Based on work of Boustati, Akyildiz, Damoulas, & Johansen, NeurlPS (2020)



(30, (A2), (A3) @

Q1: Can tuning , improve Robustness?

Question: What is the predictively optimal /2

Posterior predictive = p,(z) = [p(z | 0) 190 | x,.,) dO

Predictively optimal /: = argmin >0 Dy (q, pn) Curves in expectation

Data-generating /

density: x,., ~ g(x;.,) Flat region: all

equally good for
Dry (Qal%) \. prediction

Theorem: these curves will N e
always look that way. _—————
0.010.1 1 10 100

iV =g V=4 ) _L=® 29 = Dirac at MLE

McLatchie, Fong, Frazier, & Knoblauch (2024); forthcoming



What / leads to Robustness?

Findings: (1) lll-defined problem: minimiser /.~ doesn’t exist
(2) Flat region: infinitely many choices yield (nearly) same predictive
\’ (3) Predictively, there is no advantage over MLE / point estimators

Q: Why does this happen?

p* = oracle predictive induced by 6* 0* = argming_g lim n~! — log p(x,., | 6)
p,”. = MLE predictive induced by én @n = argming.g — log p(x,.,, | 0)

(irreducible error) (error of MLE/point estimator)  (difference MLE vs p))

Div(g.p) £ Dpy(g,p®)  +  Dp(p*.p))  + Dy (2,7, 1)

w.h.p — constant X < v, if MLE converges at rate v, <eg, If n,fl ) concentrates at rate g,y

In practice / experimentally:
—goes to 0 MUCH faster than v, + ¢,
McLatchie, Fong, Frazier, & K. (2024); forthcoming —even works WITHOUT concentration and consistency



What / leads to Robustness?

""" Dry(4,p) Similar for CV and D =KL .,/
- == Dv(p*,p,) + Dry(p, s py)
— Drv(a:pp) Exponentially fast ?

~ |

b B S E—

0.01 0.1 1 10 100

reducible error : 25
Drv@p)s  Drv(@p) i+ DnGhp)  +  Dry(pp)

w.h.p — constant X < v, if MLE converges at rate v, <eg, If n,fl ) concentrates at rate g,y

? In practice / experimentally:
« —goes to 0 MUCH faster than v, + ¢,
McLatchie, Fong, Frazier, & K. (2024); forthcoming —even works WITHOUT concentration and consistency



What

leads to Robustness?

p(xy., | 6)" - m(0)
| pCxi. | 0) - 2(0)dO

ﬂr(z )(9 ‘ xl:n) —

— argminqeg(@) { ‘ [_ Ing(xl;na 9) Q(Q) do + KL(q’ ﬂ)) }

A

Griinwald (2012): ALT How to Square W'th our finding Wenzel et al. (2020): ICML
Holmes & Walker (2017); Biometrika that /IS Iargely irrelevant? Adlam et al. (2020); preprint
Miller & Dunson (2018); JRSS-B Noci et al. (2021); NeurlPS
Bhattacharya, Pati, & Yang (2019); Ann. Statist. Aitchison (2021); ICLR
essential Parameter uncertainty incidental Prior quality

should be VERY

incidental Predictive uncertainty essential
n>d Model complexity important
good Prior quality bad
theory Evidence Experimental

McLatchie, Fong, Frazier, & K. (2024); forthcoming



What L leads to Robustness?

Ghosh & Basu (2016); AISM
K., Jewson, & Damoulas (2018); NeurlPS

Boustati, Akyildiz, Damoulas, & Johansen
expt—L(x;.,,0)} - 7(0) (2020); NeurlPS
K., Jewson, & Damoulas (2022); JMLR
Fra2|er K.*, & Drovandi (2024); preprint

7 (0] x1.) =

I@Xp{ — l—(xlzifv 9)} ) ﬂ(@)d@

Q2: Which discrepancies D(q,p( - | ¢)) should we construct L(x,.,,0) from?

Initial Work:

Issues: &

Intractabillity
Numerical instability

Scale dependence

D(q,p(- | 0)) = Jp(z | 0)!*F dz : ﬁjp(z | 0Y°q(z) dz + 1J *0(z) dz

(p-Divergence) \ / \ /

Generally intractable...
(and hard to approximate) — Zp(x | 6’)'5 |ndependent of 6

Sometimes: tractable as A(0, j) i—1
/ scale /lnstablllty

(X, 0) = - A(O. ﬁ>+ﬁ+12..2 log p(x, | 6)




What L leads to Robustness?

Futami, Sato & Sugiyama (2018); AISTATS
Cherrief-Abdellatif & Alquier (2020); AABI
Pacchiardi, Khoo, & Dutta (2021); preprint
Frazier®, K.*, & Drovandi (2024); preprint

exp{—L(x,..,0)} - 7(0)
I@Xp{ — l—(xlzn’ 9) } ) ﬂ(@)d@

7 (0] x1.) =

Q2: Which discrepancies D(q p(-|0)) should we construct L(x,., ,60) from?

Bias! |
log) p(z | 0)q(z) dz +— log qu@ dz

" N

Include Hellinger Divergence as welll ~ Generally intractable... |
- Z p(x; | O Independent of 6

Other Proposals:  D’(g,p(- | 0))

(y-Divergence) ™\

Like p-divergence

(and hard to approximate)

o D}, P(- | 0) = Ey gy K06 X)) = 2E gty vmpietor K06 3] + Expaionampirten K05 1)

Intracta.ble Integrals N (I\/II\/IDZ) \,-J \ﬁf-/ \H

Not defined for conditional models
(But useful for Independent of & Intractable Intractable

intractable/simulation models) (but easy to approximate!) (but easy to approximate!)



What L leads to Robustness?

Example 2: Deep Gaussian Processes (y-Divergence)

wine naval acht ower rotein
(y-divergence [y = 0.05]) = Do & ' © ' RERE “
' y=1.05L=2 . - T -+ : ~
y=1.05,L=3" _—~_#-¢ —o— : — —— : o
GVI e N [ [ [ [
y=101,L=1 - —,—0—\—: :—0— | ® | -o- |
L —o— | —— - )
L(xlzn | 9) ~ Dy(]?o”l?e) L=3 S o—,' i —0— i i —Oo— —C— i ql
. - \ 4
(y-divergence [y = 0.01]) L=1 " e | - | ° | - ||
VL =2 -I—Q:—: i — O i i -0 io
'
L=3 ~ T -+ ? T ?
I I I ’ I I I I I I I I I I I
0.93 0.94 0.9; 0.9 —6.8 —6.6 0.5 1.0 2.75 2.80 20 2.1 2.2 2.3
~ KLD(]?OHPQ) - wine | | naval | yacht polwer plroteln
y=1.05L=1- ® | | —0— | O | - ! —O—
y=1.05L=2 ® : ‘o * | .- ——
y=1.05,L=3 o : o o | - : —o—
l-ronior) —e— 1] 1 e - .| -
y=1.01,L=2 ® : | —e— * | -o-! —o—-
y=1.01,L =31 @ : Lo— * -o- : —— |
| =1 - o : —o— : - : . : ——
|| .| -~ .
-L - 3 | I I? II I I I-?- I -I?- I I I I I
0.62 0.63 0.00025 0.00030 0.00035 0.4 0.6 0.8 3.8 4.0 1.80 1.85 1.90

K., Jewson, & Damoulas (2022); JMLR

QX
2

O

&
c>\>‘(‘a
Q)@

QX

N\



D

Q2: What L leads to Robustness?

Example 1: Bayesian On-line Changepoint Detection (f#-Divergence)

FTX / crytpocurrency crash Twitter flash crash

: 20 é) 14700

0 % 14600
£20000 100
217500 o —
s . L:)@ 200 e
iﬂf% 50 — Robust Posterior 2= | Ne
== O = — £3 o~ Cp
i%f < 50 - Bayes Posterior ég 20071 Bayes Qlefec bf?
22 =R ._

—

1 1 T T T 0 1 - I |
2022—11 2022—12 10:00 11:00 12:00

L | |
4 14:00 15:00 16:00

K. & Damoulas (2018); ICML Theorem: the robust algorithm cannot
K., Jewson, & Damoulas (2018); NeurlPS declare a change point after a single outlier.




Approximating L
Q3: How does approximating L(x,.,,0) affect 7. (0| x;.,) ?

Setting: L(x.,.0) involves intractable components
( like integrals 1(0) = [ f(u) p(u | 6) du)

L (uy.,,x.,0) ~ L(x.,,0) | —m-osm

1 m 2.5
(e.g. 10) ~ — Zf(uj) and u; ~ p(u; | 9))
j=1

Example:
Lk(xlzn, 0) = n- JJk(u, u)Ypu| @) pu'| 0) dudu’ -2 2 Jk(xi, wpu|d)ydu + C
i=1
1 n n n m
k _ 1
LUy s X1 0) = o 21 121 k(1) -2 Z — Z k(x;, u;) + C
J=H = i=1  j=1

K.”, Frazier*, & Drovandi (2024); preprint



Approximating L

Q3: How does approximating L(x,.,,0) affect 7. (0| x;.,) ?

Assumption 1: There are «, > 0, «, > 0 and {|o2(0)|: ® - R}, so that

ul:mNp(ulzm‘Q)

{

/[—‘ﬁ

— biasm(é’) a.s. bounded by RHS for
m large enough

~uy.,.~p(uty.,|0) [Lm(ulzm’ X1:no 6,)] o L(xlzn’ 0) < - m

= variance,,(0)

Lm(u1:m9 X:ns H) - _Mi;m"’l?(ulzm“g) [Lm(l/li:m, M (9)] }

Assumption 2: { : ®@ — R, }>, satisfies some prior + posterior integrability conditions

(:} Jbiasm(ﬁ) ﬂ,,';(@ | x;.,)dO Sm™", Jvariancem(e) 70| x;.,)d0 < m™ )

K.”, Frazier*, & Drovandi (2024); preprint



Approximating L

Q3: How does approximating L(x,.,,0) affect 7. (0| x;.,) ?

Actual target posterior: 7,0 | x,.,) x exp {— = 1ty 0) | L Wins X125 0) } - 71(0)

Theorem 1: Under Assumptions 1 + 2, for all ¢ € [0,2] and any fixed x;.,,
a.s. bounded by RHS for

NN/

m large enough
160 |0 1 50 = 7@ 1510 a0 < oot

(also implies convergence in TV and TV of all £&th moments)

K.”, Frazier*, & Drovandi (2024); preprint



Approximating L
Q3: How does approximating L(x,.,,0) affect 7. (0| x;.,) ?

Assumption 3: Standard (mild) regularity conditions for posterior concentration of (0] x;.,)
Also, we have m = m(n) and there are n, > 0, 1, > 0 so that

a.s. of same order for a.s. of same order for
n large enough n large enough

e [0 7@ 150 d0 = miy m) [0 71001 5, d0 = my

e.g., if 6°(f) = constant, then «, =,

(=> Jbiasm(é’) (0| x,.)d0 doesn't diverge asn — oo)

K.”, Frazier*, & Drovandi (2024); preprint



Approximating L

Q3: How does approximating L(x,.,,0) affect 7. (0| x;.,) ?

Theorem 2: Under Assumptions 1-3, for m = m(n), and any M, - o0, as n — o

n— 00 0'e®

lim P (J min L(¢) — L=(9) | 75 (6 | x,,,) d6 > M,/ min {\/Z

K‘LOO(e) = lim E, FL(x1  , 9)]
>

n—oo

Standard concentration rate of un-approximated posterior z-(@ | x;.,)

1/ min{,.7,} | |
Need to choose |m(n) < (ﬁ ) to avoid slower concentration due to L, (4., X;.,, @) = L(x;.,,, &)

Tells us how good loss approximation needs to be
Helps evaluate which losses are computationally infeasible

K.”, Frazier*, & Drovandi (2024); preprint



Stein Discrepancies

Dgein(p(- | 0),9,) = sup |Ex., [f(X)| -

feF

1

F = {szi (f): fe 97«'0}

Stein Operator &

Langevin-Stein operator

A, (N = fECV Jog plx | 0D+ V-flx) =» Fo={fe T RINLAZ:

Diffusion Stein operator
A, o (@) = fx) - mx)'(V ogpx | 0D+ V- fx)

Smpeies]

X~q,

f300)

1

Closed

(For all &

Stein Set F|,

Fy = { fe (&, R) N LA

) - Il 2

) - Il 2

l Fo={ERKHSK) : |Ifllx < 1}

can be tuned for robustness

l « 1
~— ) fE0) = —Lx,,,, 0)
n i1 n

form

depends on p(- | 6) only via V_logp(- | 6)!

and &, below)

DStein(p( ) | H)a q8)

< 1} — Fisher Dlverge.nce (FD)/
Score Matching
Weighted Fisher Divergence/
<1 = .
Diffusion Score Matching (DSM)

(robust for right choice of m)

- Kernel Stein Discrepancy (KSD)
(robust for right choice of m)



Computationally Efficient Beliefs: Methodology

—L(xy.,,0)} - 7(O d T T
20 ) = expi—Lxy,, 0)} - 2(0) cxexp{—zw—,u(xi)) A(xl-)<(9—,u(xl-))}exp{(9— Ho) Ao (60— ﬂo)}

fexp{—L(xlzn, 0)} - n(6)do - ;'—/
| squared exponential prior
exponential family l =N (‘92 H (X105 ZL(X1;n))
p(x | 0) = h(x) - exp{ T(x)"60—A(0) f*(x) is a 2nd order polynomial

L(poxi)) = D S500) = ) fH(V logp(s [ 0) = Y a+b;- (Vlogp(x, | 0) +¢,+ (V logp(x, | 0))

n - N 2_ _ N - T _ o _l__
= ah~+bh. |+ |bT+2chT,| 0+ o' c;l’T. |0

=V logh(x) + V T(x)'0

1
1




L. for Robustness & Computation: Graphical Models

0;>00,,>0.D=11 (proteins), n="7466 (number of cells measured)

D D
p(x; | 0) xexp § — 2 0% (@) — 2 O aXiayXia)y (>
d=1 d<d’
(robust / non-robust loss depending only on V log p(x,., | 0))

L = |Kernel Stein Discrepancy

—E pY
;e S : O)
g ke & N
- e K 0 | |
QO O ! | .Q«\e
Q '044/42‘ P 7
8 ; =@ praf
N a\k\sm?’. ' '
Q{-‘?" o © Q\ky =
@) g . (p
x © O -
(;)0? M
E ) —‘8 é?) oA N é,q
g - = >y, * e N
QO .Q«\
o
w ® praf
()] 5 ®
@) pa\‘\SA7 !
U: v’ X ?“. . ,O//%
o -
.S T 5 3
N = < : d)

Matsubara, K., Briol, & Oates (2022); JRSS-B



Choices of L

Example 1: Bayesian On-line Changepoint Detection (f#-Divergence)

FTT

bitco
—
\]
o
o
o
l

run-length run-length

mn

V)

-]

o

o

)
|

[robust]

[standard]
o
-

FTX / crytpocurrency crash

Robust Posterior

-

Bayes

Posterior
/

()q=*f’7"ffjfj¥=r ——r—

2022—-11

2022—-12

K. & Damoulas (2018); ICML
K., Jewson, & Damoulas (2018); NeurlPS

lim Dgg (7,(6 | q,), 7, (0 |

e—0
1.4 4 =— Bayes
..... B=0.05
121 __ 502
1.0 - B=0.25
0.8 1
0.6 1
0441 e
0.2 1 "‘—‘ ........
0.0 - S==s
0 2 4 6 8 10
yforc=4,
g, = (1 —¢) + €

)

DJIA index

run-length
[robust]

run-length
[standard]

12:00

11:00

10:00

Theorem: the robust algorithm cannot
declare a change point after a single outlier.




L. for Robustness & Computation: Changepoints

L = |Weighted Fisher Divergence| (robust/ non-robust loss depending only on V logp(x,., | ))

140000

120000

100000

nuclear Iresponsc

80000

= —
§_§ 1000 =
@)
S &,
0 I I I I I I I I
==
=5 1000 =
L T
A I
g S
25
0 I I I | I I | I
0 500 1000 1500 2000 2500 3000 3500 4000

Altamirano, Briol, & K. (2023); ICML



Post-Bayesian ML: Optimisation-centric posteriors

Assumptions
(A1) model well-specified

(Prior well-specified) (Prior misspecified) (AZ) prior well-specified X

10 ] (A3) computationally feasible X
- i i Mean Field VI for:
5 : i Standard Bayes
0.4 A : o
. / i /E\ Power posterior; 4 = 0.6
00 | —_— Power posterior; A = 0.3
; i
0.8 | i GVI/Optimisation-centric:
0.6 | i D = Renyi divergence; a = 0.6
0.4 /i\ ﬂ\ D = Renyi divergence; a = 0.3
0.2 | | .
N J i \ / i \ g;£(6) = argmin enormals {g@a ] (q)}
0 2 | 4 0 2 I 4 I
91 91

— |log p(xy., | 0) q(6) d0 + D (g, 7)

Picture from K., Jewson, & Damoulas (2022); JMLR



0. B3K). (3 @
Case Study: Why Post-Bayesian ML matters

— OO

|
Objective: g~ Ly, [—logp(xlzn | «9)] + —-KL(g,n) —> g+~ Ey, [—logp(xlzn | 6’)]

Target: Cold Posterior (1> 1) Deep Ensemble (/1 — )
/ Bayes Posterior (/ = 1)

Wasserstein Gradient Flow =
Wasserstein Gradient Flow: Deep Ensemble Algorithm

Step 1: Sample 0,(0) ~ 7,k = 1,2,...K BFOW{fga(”);nO“O”S Step 1: Sample 6,(0) ~ 7,k =1,2,...K
n l 1>
Step 2: Forr € [0,T], evolve as \O‘ Step 2: Fortr € [0,T], evolve as

dO(1) = — (1 - VgL (xp, OD) — Viog z(G,(1)) dt + /2dB (1) dOi(t) = —/1 - VgL(xy., (1))

() L § I %
q;(0) =m0 | x,.,) ® E’; 0(T)as T - o0, K - . Deep Ensemble = = Zl 0,(T)

Converges to well-defined density Converges to ill-defined atomic measure
Wild, Ghalebikesabi, Sejdinovic, & Knoblauch (2023); NeurlPS Oral




30, (30, (3% @

The Future of Post-Bayesian ML: Success Stories

g+~ Ego L1 0) —— Deep Ensemble
g+ Ey, _L(xlzm 6)' + w, - KL(g, ) —p Cold Posterior (v, < 1) / Bayes Posterior (w, = 1)
g+~ E, [L(xl 9)] +w, - g,7) + w, - Kl(q, 1) ——> BDL Ensemble with repulsive particles

~( :n’ ’ ’

Infinite-dimensional gradient descent / Wasserstein Gradient Flow:

Step 1: Sample 6,(0) ~ 7, k = 1,2,...K independent Brownian motions {5, (1)}
Step 2: Evolve via SDE for r € [0,T] as j
1%
doi(t) = — | VoL(xy,,, (1) — wy — wp Vlog 7(0,(7)) A Kl dr + \/ 2w,dB (1)

1 K
*h~— ) (T)as T - 0, K - ©.
HOEEDICA 00, K — o0

n=1

Wild, Ghalebikesabi, Sejdinovic, & K. (2023); NeurlPS Oral



Adversarial Robustness: How to think about general D?

Theorem: L(x,,60) bounded + measurable, /| > 0, @ is closed, bounded, convex:

inf{—M[ - L(xp. 0| + Dig. n)} = sup {inf e |4 L 0) + 4 - H(O)] — Ap ( -h)}

g€ heF,@) \ 9€Q \ )y ,
Perturbed / Penalty for
worsened loss perturbation

inner minimisation over (perturbed) loss

outer maximisation (of adversary) over perturbations
h e F,(0)= {bounded + measurable functions f: © — [R}

Legendre-Fenchel dual of D( -, z) = sup [ h(0) p(0) dO—-D(p, ) p = Ap (h)
PEF(O) ®

Husain & K. (2022); ALT (penalty for increasing /(8) highest where z(0) largest)



Adversarial Robustness: How to think about general D?

Theorem: L(x,,60) bounded + measurable, /| > 0, @ is closed, bounded, convex:

inf{—M[ - L(xp. 0| + Dig. n)} = sup {inf e |4 L 0) + 4 - H(O)] — Ap ( -h)}

qeQ heF,©) \ 9€Q \ / \_Y_'
Perturbed / Penalty for
worsened loss perturbation
Example 1: D =KL, Ap (4 h) = logJexp i1-h0)} =n(0)db JT = preferences. More
density/mass where we want

perturbations to be more

2 expensive for adversary.
. — .2
Example 2: D =, Ap (- h) =] Jh(@) 7(0) dO - - Varo., (h(0))
. I) = cost/penalty function.
E le3: D=IPM A ()-h) = ' Jh(@) 2(0)do 1theW Determines actual cost of
Xxampie o: - v D.x - o ifhe& W perturbations to adversary

Husain & K. (2022); ALT



How to approach computation with general D?

More Elegant Strategy: analytical solutions
k» Advantage: further insight on effect of D

_, Disadvantage: How could we fix this?
o only applicable for a small selection of D

o computationally intractable

g5(0) = V*(Z =) - L(x,,.0)) 7(6) = arg q?@i%){ g [/ L0 0] + Dy(g,7) }

D/(.%) = Es, [f(q—(@) ]/

7(6)
flx) =x*—1

Z = normaliser defined via | V/*(Z— /- L(x,.,,0)) n(0) d0 = 1

Example: D, =", L>0

/* is the Fenchel conjugate of f, f*(x) = sup {{x,x)—/(x)} g5(0) = %max {O, Z — /- L(xy., 6’)} 7(0)

x'eR

Alquier, P. (2021); ICML



Post-Bayesian ML

Optimisation-centric posteriors / GVI ., _]. :
P P ?T,(,/I’L)(H‘xl-n)= exp{—41 - L(x;.,,0) - n(6)

L=~ """~, Gibbs/Generalised/Quasi/Pseudo Posterior

[exp{—4 - L(x,.,, 6) - m(0)dO

¢;(0) = argmin, ., { g (q)}; oc 2@|.-

I

|

4 ]
|
4 "

Martingale Posterior o’ Power/Fractional/Cold Posterior

Fori=12,... p(x,., | 0)" - n(6)

Xn+i+1 ~ p(Xn+i ‘ Al:no Xn+1:n+i)

0% = argmingeq L ([xlzn’Xn+1:oo]’ ‘9)

| PGy | 0)F - m(0)dO

p(xy., | 0) - 7(0)
JpCxi, | 0) - 2(0)d0

ﬂn(e ‘ xl:n) —




Post-Bayesian ML

Fori=172 Bayes' posterior predictive:
Xoriv1 ~ PXpin | {1, U X4 001) < POy | Xp,) = [p(xnﬂ | 0) 7,0 | x,.,,) dO
. . L
0% = argmingcg — log p({x;.,, U X, ..} | 0) :
(Doob’s Consistency Bayes’ Posterior
< Theorem)
pxy., | 0) - 7(0)
0 ~ ﬂn(e ‘ xl:n) — 7,(0 | X1.,) = -

Jp(x1. | 0) - 2(0)dO




Post-Bayesian ML

Fori=12,... Generalised Bayes' posterior predictive:

Xn+i+1 ™~ p(Xn+i+1 ‘ {xlzn U Xn+1:n+i}) s XL EEEETEE P | X)) = Jp(xn+1 | 0) ﬂr(zﬂ,l_i(e | x1.,) dO
0% = argmin9€® L({xl:n U Xn+1:oo}9 9) :
(If parameter 0 indexes _

a model p(- | 0)) :

(Doob’s Gibbs/Generalised/Quasi/Pseudo Posterior
Consistenc
Y) 20| 3 ) = exp{—L(x;.,,0)} - 7n(0)
T Texp{—L(xy,, 0)} - 7(6)d6




Post-Bayesian ML

Fori=172 Choose predictive & parameter/loss:

Xovir1 ~ PXptiv | {x1., U Xos1msit) < Pyt | X1:) = Your choice
L(x,.,,8) = Loss determining &
0™ = argmingeg L <{x1:n U Xt 10 ‘9)

Martingale condition:

Martingale Posterior




Post-Bayesian ML

Fori=1.,2,... Predictive replaces model & prior specification

Xoiv1 ~PX i | X, UX o 0i)) <€) : Good specification

A
0% = argming_g L ({xlzn UX, 1o} 6’) 4

predictive capturing uncertainty about
observables

Depends on choices for predictive & loss : ' Assumptions of Bayesian inference

Martingale Posterior (A1) model well-specified N/A?
' (A2) prior well-specified N/A?

(A3) Inversion computationally feasible




POSt BayeSIan M L -=~""~, Gibbs/Generalised/Quasi/Pseudo Posterior

Optimisation-centric posteriors / GVI ,*° exp{—4 - L(x,.,,0) - 7(6)

70 ] X)) =

L, D,

G (0) =afgminqe@{5”“) (q)}; G CPO)|." Jexp{=2 - L(x1,,,0) - 2(6)d0

I

|

4 ]
|
4 "

Martingale Posterior o’ Power/Fractional/Cold Posterior

Fori=1.2,. p(x;., | O - 7(0)

Xn+i+1 p( n-+i ‘ Al:no Xn+1:n+i)

0% = argmingcgq ([xlzn’Xn+1:oo]’ ‘9)

Gy | 0 - 2(0)d0

p(xy., | 0) - 7(0)
JpCxi, | 0) - 2(0)d0

ﬂn(e ‘ xl:n) —




